A Hering decomposition of type t and order n is a factorization of the complete directed graph D K n into arc disjoint t-circuits for which the following conditions hold:
INTRODUCTION
Let K n be the complete graph on n vertices, and denote by D K n the complete directed graph on n vertices (i.e., every ordered pair of vertices in D K n is connected by exactly one arc (directed edge)). A t-circuit, C t , is a directed cycle of length t, i.e., C t is a subgraph of D K n with vertices, say, v 1 , v 2 , . . . , v t and arcs (v 1 , v 2 ), (v 2 , v 3 ), . . . , (v t−1 , v t ), (v t , v 1 ). We denote such a t-circuit by (c 1 , c 2 , . . . , c t ). A t-cycle (t-circuit) decomposition of K n (D K n ) is a decomposition of the edges of K n (D K n ) into pairwise edge (arc) disjoint t-cycles (t-circuits), and is denoted by C t |K n (DC t |D K n ). Note that a necessary condition for the decomposition of K n (D K n ) into t-cycles (circuits) is that t|n(n − 1)/2 (t|n(n − 1), respectively).
The problem of decomposing K n (or D K n ) into cycles (circuits) has a history of more then 150 years, and is presented in a large number of papers. Directed cycle decomposition of D K n , other than C 3 , starting with C 4 , has been considered by Schonheim [21] , and with additional requirements by Harary, Wallis and Heinrich [13] . On the other scope of the directed cycle decomposition we find the Hamilton decomposition of D K 2n (2n ≥ 8), proved by Tillson [22] , answering in the affirmative a conjecture by Bermond and Faber [4] . For other related results, see the survey of [17] . Here we present only those aspects which are dealt with in this paper, as well as, the relevant references.
In recent years, decompositions which possess additional properties attracted special attention. In this paper we shall focus on t-circuit decompositions of D K n , where t|(n − 1), which are induced from group actions on conjugacy classes. These decompositions will share the following properties. DEFINITION 1.1. Let DC t |D K n be a decomposition of D K n into t-circuits.
(1) The decomposition is almost resolvable if we can arrange the vertices and arcs of D K n into n arc disjoint factors, called parallel classes, each containing (n − 1)/t t-circuits and a single vertex (note that an almost resolvable decomposition exists only if t|(n − 1)).
(2) An almost resolvable decomposition DC t |D K n , t ≥ 3, is an orthogonal cover for D K n , or a Hering configuration (Hering decomposition) of type t and order n, if any two parallel classes have exactly one edge (undirected arc) in common. (3) An almost resolvable decomposition is transitive if there is a subgroup H of S n , the symmetric group on n letters, which permutes the parallel classes transitively (i.e., h(P i ) is a parallel class for every parallel class P i and every h ∈ H , and for any two parallel classes P i , P j , there is h ∈ H such that h(P i ) = P j ). Note that if H is transitive on the parallel classes of an almost resolvable decomposition, then H is transitive on the vertices of D K n . We shall say that the decomposition possesses some property P if there is a subgroup H of S n which permutes the parallel classes transitively, and such that H has the property P. For example: the decomposition is abelian (regular, doubly transitive, etc.), if there is such H which is abelian (regular on the parallel classes, doubly transitive on the parallel classes, etc.), respectively.
Although the Hering configuration was defined by Hering [15] , the existence of Hering configurations of type n = p k , p a prime, and t = n − 1, was proved earlier by Alspach, Heinrich and Rosenfeld [2] . Various papers have been published since. However, we focus ourselves on those which are relevant to our work. In this line we mention a recent work of Granville, Gronau and Mullin [11] who proved the existence of Hering configuration for the case n = p k for all t|(n − 1), t ≥ 3. They also established an asymptotic result, namely, for a fixed t ≥ 3, there exits an integer N t such that if t|(n − 1) and n ≥ N t , then a Hering configuration of type t and order n exists.
In Definition 1.1 above, we extended the definition of Hering configuration into transitive Hering configuration. A particular case of the transitive Hering configuration is the innertransitive Hering configuration (see Definition 3.3 in the sequel), in which the transitive group G is generated by the permutations which correspond to the parallel classes. That is to say, for every parallel class P j , (1 ≤ j ≤ n), there corresponds a permutation σ j such that σ j (k) = l iff (k, l) is an arc of P j , and the group G generated by the set {σ 1 , σ 2 , . . . , σ n } is transitive on the parallel classes P 1 , P 2 , . . . , P n . Equivalent definitions for an inner-transitive Hering configuration are given in Definitions 3.1 and 3.2. These definitions together with the lemmas that follow (Lemmas 3.1-3.3) establish a reciprocity relation between problems in group theory and Hering decompositions, strengthened in Sections 4 and 5, in which an old theorem of Glauberman, known as Glauberman's Z * -Theorem, and an extension of this theorem proved by Artemovitch are involved (see Theorem 4 in Section 4 for further details).
In Section 2 we review some basic group theory topics which will be used in the sequel. In Section 3, basic definitions and results on inner-transitive Hering configurations are presented.
In Section 4 we study the relation between inner-transitive Hering configurations of type t and order n, (t ≥ 3), and groups which admit an (n, t)-automorphism, where an automorphism τ of a group N is an (n, t)-automorphism if o(τ ) = t is prime to |N |, |N : C N (τ i )| = n for every 1 ≤ i ≤ t − 1, and the following additional condition holds: if x, y are any two conjugates of τ in the semi-direct product G = τ N , then x y −1 does not commute with any conjugate of τ in G. It follows that every (n, t)-automorphism induces an inner-transitive Hering configuration of type t and order n (Theorem 1). The converse is also true (Theorem 3): every inner-transitive Hering configuration of type t and order n is induced by some (n, t)-automorphism. It follows that the classification of all the pairs (n, t) for which a Hering configuration of type t and order n exists, is equivalent to the classification of all the pairs (n, t) for which an (n, t)-automorphism (of some group N ) exists. Since all the pairs (n, t) for which an (n, t)-automorphism exists are derived in Lemma 4.4, it follows that for any integer t > 2, all the integers n for which an inner-transitive Hering configuration of type t and order n exists are known (Theorem 5). Given such integers n and t, it is shown in Theorem 4 how to construct a Hering configuration of size t and order n from a corresponding Frobenius group. A complete classification of all inner-transitive Hering configurations of type n − 1 and order n is established in Theorem 6.
In the sections mentioned above, Hering configurations were defined only for type t ≥ 3. In Section 5 we define a configuration on the undirected graph K n (n odd), of type t = 2, which will share some important properties with the Hering configurations discussed in the previous sections. This section completes the inquiry of inner-transitive Hering configurations for the various values of t.
We conclude with a general remark on inner-transitive systems. The notion 'inner-transitive' may be applied to various combinatorial systems other than the Hering configurations. For example, given a circuit decomposition of D K n , one may divide the circuits into classes (not necessarily distinct), where each class contains vertex disjoint circuits (including, maybe, some circuits of length one, namely, single vertices) which 'cover' all vertices of D K n . Then each class induces in a natural way a permutation on the letter set {1, 2, . . . , n}. The interaction between the given decomposition and the group G generated by the above mentioned permutations may be interesting in some cases. We have special interest if the group G permutes the classes transitively (i.e., the configuration is 'inner-transitive'). We believe that some interesting structures (other than inner-transitive Hering configurations) may arise in this way. However, a more detailed discussion on this wider subject is beyond the scope of this paper.
DEFINITION AND NOTATION
In order to have this paper almost self contained we give in this section, mainly, basic group theory notions which are necessary in the sequel. We note that all the groups considered in this paper are finite. For all basic group theory definitions we follow [10] .
To the sequel G we will denote a finite group. For every g ∈ G and A ⊆ G we denote g x = x −1 gx, and A x = {g x |g ∈ A}. By H ≤ G we mean that H is a subgroup of G, and N ¡ G means that N is a normal subgroup of G. The symmetric permutation group on n letters will be denoted by S n . For h ∈ G, o(h) denotes the order of h, i.e., the least positive integer m such that h m = 1. The element h is a p-element if o(h) is a power of p.
For x ∈ G, the centralizer of x is C G (x) = {g ∈ G|g −1 xg = x}, and similarly, if τ is an automorphism of G, then C G (τ ) = {g ∈ G|τ (g) = g}. We shall say that τ is a π automorphism of a group G if (o(τ ), |G|) = 1 (this will agree with the usual notation if we assume that π is the set of prime divisors of |G|).
The center of G is
. . , g k denotes the subgroup generated by A.
Given a permutation σ which acts on the letter set {1, 2, . . . , n}, we assume that σ acts on {1, 2, . . . , n} on the right, but we denote the image of i under σ by σ (i). In particular, if σ 1 , σ 2 are permutations of {1, 2, . . . , n}, then σ 1 σ 2 (i) = σ 2 (σ 1 (i)). Let G be a group which acts on the letter set A = {1, 2, . . . , n}. The group G is transitive on A if for any 1 ≤ i, j ≤ n there is g ∈ G such that g(i) = j, and G is doubly transitive on A if for any two pairs
Given a prime p, a p-group ( p-subgroup) is a group (subgroup) whose order is a power of p.
We shall say that G is the semi-direct product of its subgroups H and N iff N ¡ G, G = H N , and H ∩ N = 1. Given a group N and a group H of automorphisms of N , the semidirect product G of H and N is defined as follows:
Some results on Frobenius groups are needed as well. We review them briefly. Let H be a nontrivial subgroup of a finite group G, and assume that 
(For further details see [10] .)
INNER-TRANSITIVE HERING CONFIGURATIONS
In this section the theorems and the lemmas are preliminary results to the main results presented in Section 4.
Let D K n = (V, E) be the directed graph on the set of n vertices V = {v 1 , v 2 , . . . , v n }, and arc set E = {(v i , v j )|1 ≤ i, j ≤ n, i = j}. Let K be a set of permutations acting on the letter set A = {1, 2, . . . , n}. Each h ∈ K is decomposed into a product of cycles: h = σ 1 σ 2 , . . . , σ r (h) (the cycles of length one are included in this decomposition). Then h induces in a natural way a set of vertex distinct circuits σ 1 , σ 2 . . . σ r (h) on D K n which include all the vertices of D K n . That is to say, if σ i = ( j), then σ i is the single vertex v j , and if
is a decomposition of D K n into arc disjoint cycles, we say that the decomposition is induced by the action of K on A.
Let, as before, t be an integer such that t|(n −1). In this section we deal with decomposition of D K n into cycles of length t which is induced by the action of a conjugacy class of a group on itself by conjugation. We shall see that each such decomposition is a transitive Hering configuration.
In the following lemma, conditions on a set of permutations, which ensure that the set induces a transitive Hering decomposition on D K n , are given.
. . , h n } be a set of n permutations acting on the letter set A = {1, 2, . . . , n}, where for some fixed integer t > 2, o(h i ) = t, for every 1 ≤ i ≤ n. Then the following hold.
(1) K induces an almost resolvable decomposition on D K n into circuits of length t iff: (i) For every x ∈ K and for every 1 ≤ i ≤ t − 1, x i fixes exactly one letter of A (i.e., x is a product of n−1 t t-cycles). (ii) For every x, y ∈ K , x = y, the action of x y −1 on A is fixed point free. (2) Assume that K induces an almost resolvable decomposition on D K n . Then the decomposition is an orthogonal cover for D K n iff x y fixes exactly one letter of A for every x, y ∈ K . (3) Assume that K induces an almost resolvable decomposition on D K n . If K is a conjugacy class of a group G, then G acts transitively on the parallel classes of the decomposition (and in particular, the decomposition is transitive).
PROOF. We prove (1) first. If K induces an almost resolvable decomposition on D K n into cycles of length t, then for every x ∈ K there is 1 ≤ j ≤ n such that x = ( j)σ 1 σ 2 · · · σ (n−1)/t , where σ i is a cycle of length t (1 ≤ i ≤ (n − 1)/t). Hence x t = 1 and x i fixes only the letter j for every 1 ≤ i ≤ t − 1, and (i) follows. Furthermore, the classes of circuits induced by x, y ∈ K , x = y, are arc disjoint iff x y −1 fixes no letter of {1, 2, . . . , n}, and so (ii) follows. Conversely, if (i) holds, then x must be the product of a single cycle of length one and cycles of length t, and by (ii), the cycle classes induced by x, y ∈ K , x = y, are arc disjoint. Hence, since there are n classes, each arc of D K n lies exactly in one of the classes induced by K . It follows that K induces an almost resolvable decomposition of D K n into t-cycles, as required.
Assertion (2) follows since the circuit classes induced by x, y ∈ K (x = y) on D K n have exactly one edge (a pair of opposite directed arcs) in common iff x y fixes exactly one letter of A.
We now prove (3) . Assume that K is a conjugacy class of a group G. Define an action of
. Denote the parallel classes induced by h 1 , h 2 , . . . , h n by P(h 1 ), P(h 2 ), . . . , P(h n ), respectively. Since K is a conjugacy class of G, G acts transitively on {h 1 , h 2 , . . . , h n } by conjugation. Hence, in the induced decomposition of D K n , G acts transitively on the parallel classes P(h 1 ), P(h 2 ), . . . , P(h n ), as required. P Lemma 3.1 motivates the following definition.
If the action of {σ 1 , σ 2 , . . . , σ n } on D K n induces a Hering configuration, then the configuration is an inner-transitive Hering configuration. We shall say that the Hering configuration is induced by the permutation representation of K on itself. If no confusion may occur, we shall say that the Hering configuration is induced by K , or that it is induced by G.
LEMMA 3.2. An inner-transitive Hering configuration is transitive.
PROOF. We use the notation of the above definition. There is a homomorphism φ :
. . , σ n } induces the given Hering configuration. Hence φ(G) acts transitively on the parallel classes of the given configuration by assertion (3) of Lemma 3.1. P Let K be a conjugacy class of a group G, where |K | = n. Assertions (1) and (2) of Lemma 3.1 provide conditions on K (on the corresponding permutations σ 1 , σ 2 , . . . , σ n , actually), which are necessary and sufficient for σ 1 , σ 2 , . . . , σ n to induce an inner-transitive Hering configuration of type t and order n. Conversely, given an inner-transitive Hering configuration of type t and order n, then we can define a permutation group G ≤ S n with a conjugacy class K such that K induces the given configuration, as follows. Denote the parallel classes of the configuration by P 1 , P 2 , . . . , P n . For each 1 ≤ i ≤ n, P i defines a permutation σ i ∈ S n by:
Let G be the subgroup of S n generated by {σ 1 , σ 2 , . . . , σ n }. Then the following Lemma holds.
LEMMA 3.3. K = {σ 1 , σ 2 , . . . , σ n } is a conjugacy class of G which induces the given Hering configuration. Furthermore, G acts transitively on the parallel classes P 1 , P 2 , . . . , P n .
PROOF. By the definition of an inner-transitive Hering configuration, there exists a group G which acts transitively on P 1 , P 2 , . . . , P n , and a conjugacy class K = {h 1 , h 2 , . . . , h n } of G such that the permutation representation of K on itself induces the given Hering configuration. Then there is a homomorphism φ : G → S n defined: for every g ∈ G , g → τ g , where
. . , σ n }, and in particular, K is a conjugacy class of the group φ(G ), and the permutation set {σ 1 , σ 2 , . . . , σ n } induces the given Hering configuration.
Assume now that for a given 1 ≤ l ≤ n, σ
commutes with σ l which fixes exactly one letter, say k, of {1, 2, . . . , n}. Hence
j fixes the letter k, and in particular, σ i σ −1 j is not fixed point free on {1, 2, . . . , n}. Since {σ 1 , σ 2 , . . . , σ n } induces the given Hering configuration (which is almost resolvable by definition), we have a contradiction to (1) of Lemma 3.1. Hence we conclude that for every
In particular, we have that K = {σ 1 , σ 2 , . . . , σ n } is a conjugacy class of G, the group generated by K . Then G acts transitively on the parallel classes of the given configuration by (3) of Lemma 3.1, and the proof is completed. P Lemma 3.3 provides us an equivalent definition for an inner-transitive Hering configuration. DEFINITION 3.2. Let a Hering configuration of type t and order n with parallel classes P 1 , P 2 , . . . , P n be given. Assume {σ 1 , σ 2 , . . . , σ n } ⊆ S n are the permutations which correspond to P 1 , P 2 , . . . , P n (i.e., for every 1
One can easily check, by using Lemma 3.3, that Definitions 3.1 and 3.2 are equivalent.
The following is another equivalent definition for an inner-transitive Hering configuration. DEFINITION 3.3. Let a Hering configuration of type t and order n with parallel classes P 1 , P 2 , . . . , P n be given. Assume {σ 1 , σ 2 , . . . , σ n } ⊆ S n are the permutations which correspond to P 1 , P 2 , . . . , P n . Then the configuration is inner-transitive if the group G = σ 1 , σ 2 , . . . , σ n permutes the parallel classes P 1 , P 2 , . . . , P n transitively.
The equivalence of Definitions 3.3 and 3.2 follows from the observation that for any g ∈ G, σ g i = σ j iff g(P i ) = P j . Then K is a conjugacy class of G iff G permutes the parallel classes transitively.
The previous lemmas provide a tool in the search of inner-transitive Hering configurations of type t and order n: if we can find a group G, having a conjugacy class K of size n, such that conditions (1) and (2) of Lemma 3.1 hold for the permutation representation of K on itself, then K induces an inner-transitive Hering configuration. Since an inner-transitive Hering configuration is transitive by Lemma 3.2, we may apply the above process also in search of transitive Hering configurations.
The above process is used in the following section.
HERING CONFIGURATIONS AND π AUTOMORPHISMS
Given an inner-transitive Hering configuration with parallel classes P 1 , P 2 , . . . , P n and corresponding permutations σ 1 , σ 2 , . . . , σ n , we are interested in the structure of the group G generated by σ 1 , σ 2 , . . . , σ n . Information on the structure of G may be used in the classification of all pairs (n, t) for which an inner-transitive Hering configuration is of type t and order n exists. In Theorem 1, we show that for an automorphism τ of a group N which has some given properties (see Definition 4.1), the semi-direct product G = τ N induces a Hering configuration on K n . Such an automorphism will be called an (n, t)-automorphism. Furthermore, we show that the classification of all Hering configurations of type t and order n is equivalent to the classification of all pairs (N , τ ) , where N is a group and τ is an (n, t)-automorphism of N (see Theorems 1,3) . Then, a classification of all the pairs (n, t) for which an inner-transitive Hering configuration is of type t and order n exists, is given in Theorem 5.
Examples for constructing inner-transitive Hering configurations which follow by Theorems 3 and 5 and are given in Theorems 4 and 6, respectively. We shall show now that each element of G − N commutes with exactly one element of K . Assume first that there is g ∈ G − N which commutes with two distinct elements of K . Since (t, |N |) = 1, we have that there are m ∈ N and 1 = x ∈ G − N , where o(x)|t, such that g = xm = mx. Furthermore, since (t, |N |) = 1, it follows that x is conjugate in G to τ i for some 1 ≤ i ≤ (t − 1), and in particular, x commutes with exactly one element of K . On the other hand, since (o(x), o(m)) = 1, there is an integer l such that g l = x, and then x commutes with two distinct elements of K , a contradiction. Hence, we have that each g ∈ G − N commutes with at most one element of K . For x ∈ G, denote by α(x) the number of elements of K which commute with x. Since G and N are transitive on K , we have (see [10] , Theorem 2.7.4, p. 36), x∈G α(x) = |G| and x∈N α(x) = |N |. Then
However, since α(x) ≤ 1 for every x ∈ G − N , we conclude from the above equality that α(x) = 1 for every x ∈ G − N , and then, each x ∈ G − N commutes with exactly one element of K , as required.
Since x y −1 does not commute with any element of K , we have by the preceding paragraph that x y −1 ∈ N for every x, y ∈ K . Then, since y 2 / ∈ N for every y ∈ K , we have that x y = (x y −1 )y 2 / ∈ N , and then x y commutes with exactly one element of K , and (2) of Lemma 3.1 holds. P DEFINITION 4.2. Under the conditions of Theorem 1, we shall say that the Hering configuration was induced by the (n, t)-automorphism τ .
We turn now to check on the inverse of Theorem 1, i.e., given an inner-transitive Hering configuration of type t and order n, we ask whether there exists an (n, t) automorphism which induces the given configuration.
Let t = p 
LEMMA 4.1. Let K be a conjugacy class of a group G, such that K induces a Hering configuration of type t (t > 2) and order n. Let p be a prime number which divides t, and x be the p-component of some element y ∈ K , and let P be a Sylow p-subgroup of G which contains x. Then for every g ∈ G, either x g
= x or x g / ∈ P. PROOF. Let K 1 be the conjugacy class of x in G. We show first that x commutes with exactly one element of K 1 (with itself). Assume, on the contrary, that x commutes with x 1 ∈ K 1 , where x 1 = x. Then there is y 1 ∈ K and an integer l such that y l 1 = x 1 . Denote y 2 = y x 1 . Since x does not commute with any element of K but y, we have y 2 = y 1 . On the other hand, since x commutes with x 1 = y l 1 , we have that y l 1 commutes with two elements (y 1 and y 2 ) of K , which contradicts (1)(i) of Lemma 3.1. Now we prove the lemma. Assume, on the contrary, that there is g ∈ G such that x g = x and x g ∈ P. Denote K 2 = P ∩ K 1 . Then, since x does not commute with any of the elements in K 1 but itself, the size of all the orbits in the action of x on K 2 − {x} is divisible by p. Hence, p|(|K 2 | − 1). On the other hand, K 2 is a union of conjugacy classes of P, each of size 1 or a power of p. Then we conclude that at least one of these classes is of size 1, i.e., there is k ∈ K 1 which lies in the center of P. Since |K 2 | ≥ 2, it follows that k commutes with at least two elements of K 1 , a contradiction. P DEFINITION 4.3. Let K be a conjugacy class of p-elements in a group G, p a prime. We shall say that K is weakly closed with respect to G if for every Sylow p-subgroup P of G,
We note that a conjugacy class K of p-elements ( p a prime) is weakly closed with respect to G iff every x ∈ K commutes with exactly one element of K (with itself). For if x commutes with y ∈ K , y = x, then x, y is a p-group, and then, since x, y lies in some Sylow psubgroup P of G, we have that x, y ∈ K ∩ P, and K is not weakly closed with respect to G. The opposite direction follows by similar arguments to those used in the proof of Lemma 4.1.
The following theorem is an extension of the well-known Z * -theorem of Glauberman [7] . The theorem was proved for p = 2 by Glauberman in [7] , and for any prime p by Artemovitch in [3] . The latter proof ( [3] ) uses the classification of the finite simple groups. This result will enable us to classify all the pairs (n, t) for which a Hering configuration of type t and order n exists.
THEOREM 2. Let t = p k , where p is a prime number, and k ≥ 1. Let K be a conjugacy class of a group G such that o(x) = t for all x ∈ K , and assume that K is weakly closed with respect to G. Denote G 1 = K . Then there exists a normal subgroup N of G whose order is prime to p, such that G
We note that the formulations of Theorem 2 in [7, 9] and [3] are different from ours. The formulation in [9] is as follows.
Let G be a finite group, p a prime number, P a Sylow p-subgroup of G, and the order of every non-identity normal subgroup of G is divisible by p. Suppose P has an element x which is conjugate with no other from P. Then x belongs to the center of G.
However, one can verify that the above formulation is equivalent to the formulation stated in Theorem 2.
We shall need the following extension of Theorem 2. 
and by Theorem 2 we have:
G p i = K p i = x p i N 1 ≤ G i = x p i N ,
. Let t > 2 be a positive integer. Then any inner-transitive Hering configuration of type t and order n is induced by some (n, t)-automorphism.
PROOF. Let an inner-transitive Hering configuration of type t and order n be given. Then there is a group G with a conjugacy class K such that the action of K on itself induces the given configuration.
Let x ∈ K . We shall now show that |G : C G (x i )| = n for every 1 ≤ i ≤ t − 1. Assume, on the contrary, that there is 1 ≤ i ≤ t − 1 such that |G : C G (x i )| < n. Then, the conjugacy class of x i in G contains less elements than K , and then, there is y ∈ K , y = x, such that y i = x i . Hence x i commutes with y, which contradicts (1)(i) of Lemma 3.1. Hence |G : C G (x i )| = n for every 1 ≤ i ≤ t − 1, as required.
By Lemma 4.1, for every prime divisor p of t, the conjugacy class of the p-component of x is weakly closed with respect to G. Furthermore, by the preceding paragraph we conclude that C G (x i ) = C G (x) for every 1 ≤ i ≤ t − 1, and in particular, for every prime divisor p of t we have where x p is the p-component of x) . Then we have, by Corollary 4.1, that there is a normal subgroup N of K such that K = x N and (t, |N |) = 1. Thus, x induces, by conjugation, an automorphism τ on N such that:
(1) o(τ ) = t (for otherwise, there is an integer l such that x l = 1 and x l commutes with every n ∈ N . Then, since N is transitive on K , it follows that x l commutes with every y ∈ K , a contradiction).
Furthermore, since K induces the given Hering configuration, for any x, y ∈ K , x = y, x y −1 does not commute with any element of K . Then, since τ induces the given Hering configuration, the proof of the theorem is complete. P Since G/N is abelian, then G ≤ N (G : the commutator subgroup of G). Then, given any y, z ∈ K , y = z, there is a ∈ G such that y a −1 = z, and we have:
∈ N , and consequently yz −1 does not commute with any element of K .
Denote by τ the automorphism of N induced by the action of x on N by conjugation. It is routine to check that τ is an (n, t)-automorphism of N . Hence the result follows by Theorem 1. P
The lemma yields the following: (Note that for the case r = 1 (i.e., n is a prime power), then the theorem implies that an innertransitive Hering configuration of type t and order n exists for every t for which t|(n − 1).) PROOF. By Lemma 4.3, it suffices to show that there exists a group N , with |N | = n, and an automorphism τ of N of order t, such that the semi-direct product G = τ N is a Frobenius group with kernel N .
For every 1 ≤ i ≤ r , let F i be the Galois field having p (n 1 , n 2 , . . . , n r )) = (τ 1 (n 1 ), τ 2 (n 2 ), . . . , τ r (n r )). Then it is a routine procedure to check that the semi-direct product τ N is a Frobenius group with kernel N and complement τ of order t, and the result of the theorem follows. P LEMMA 4.4. Let n = p Since the opposite direction follows by Lemma 4.2, the proof of the lemma is complete. 
Furthermore, any (n, t)-automorphism induces an inner-transitive Hering configuration of type t and order n, and every inner-transitive Hering configuration of type t and order n is induced by some (n, t)-automorphism.
PROOF. By Theorems 1 and 3 we have that an inner-transitive Hering configuration of type t and order n exists iff there is a group N which admits an (n, t)-automorphism. Then the first assertion of the theorem follows by Lemma 4.4. The second assertion follows again by Theorems 1 and 3. P A classification of all the integers n, for which an inner-transitive Hering configuration of type n − 1 and order n exists, is a corollary of Theorem 5. i − 1), 1 ≤ i ≤ n. It follows then that n is a prime power. Furthermore, assume that an inner-transitive Hering configuration of type n − 1 and order n is given. Let σ 1 , σ 2 , . . . , σ n ∈ S n be the permutations which correspond to the parallel classes P 1 , P 2 , . . . , P n of the configuration. Then, each of the σ i is the product of a trivial cycle (1-cycle) and an (n − 1)-cycle. Hence, for each 1 ≤ i ≤ n, the centralizer of σ i in S n is C S n (σ i ) = σ i , and therefore, |C S n (σ i )| = n − 1. Let G = σ 1 , σ 2 , . . . , σ n . Then, by Lemma 3.3, K = {σ 1 , σ 2 , . . . , σ n } is a conjugacy class of G, and G is transitive on K . Since σ i ∈ G, we can conclude by using previous arguments that C G (σ i ) = σ i . Then we have: |G| = n(n − 1), and C G (σ i ) ∩ C G (σ j ) = 1 for every 1 ≤ i, j ≤ n, i = j since otherwise, there are distinct l, m such that σ l i = σ m j = 1, and then σ l i commutes with σ j , which contradicts (1)(i) of Lemma 3.1. Hence G is a Frobenius group with complement C G (σ 1 ). Now, since G = σ 1 , σ 2 , . . . , σ n is a Frobenius group of order n(n − 1), then C G (σ i ) is transitive on the parallel classes {P 1 , . . . , P i−1 , P i+1 , . . . , P n } (and also on the vertices
Hence, we have that the configuration is induced by a Frobenius group of order n(n − 1) which is doubly transitive on P 1 , P 2 , . . . , P n (v 1 , v 2 , . . . , v n , respectively). P
CONFIGURATIONS OF TYPE 2
Hering configurations were defined only for type t ≥ 3. However, one may define a configuration on the undirected graph K n (n odd), of type t = 2, which will share some important properties with the Hering configurations discussed in the previous sections. DEFINITION 5.1. Let n ≥ 3 be an odd integer. A 2-configuration of order n is a partition of K n into n disjoint parallel classes, where each parallel class consists of a single vertex and a matching (vertex disjoint edges) of size (n − 1)/2. The configuration is transitive if there is a subgroup of S n which permutes the parallel classes transitively.
Compared with a Hering configuration, the cycles of length t were 'replaced' by undirected edges in the above definition. A definition of an inner-transitive 2-configuration, which is analogous to the definition of inner-transitive Hering configurations (see Definition 3.3), may also be given. DEFINITION 5.2. Let the parallel classes of a given 2-configuration of order n be P 1 , P 2 , . . . , P n . For each 1 ≤ i ≤ n let σ i , the permutation induced by P i , be defined by: σ i (l) = m iff {v l , v m } is an edge of P i (we shall also say in this case that P i is induced by σ i ). The given 2-configuration is inner-transitive if G = σ 1 , σ 2 , . . . , σ n permutes the parallel classes P 1 , P 2 , . . . , P n transitively.
We note that under the above notation, we may consider that G is a permutation group on either {1, 2, . . . , n}, the vertex set V = {v 1 , v 2 , . . . , v n } of K n , or the parallel classes P 1 , P 2 , . . . , P n . Note further, that by reordering the vertices v 1 , v 2 , . . . , v n of K n , we may assume from now on that for every 1 ≤ i ≤ n, the single vertex of P i is v i (and in particular,
LEMMA 5.1. Let a 2-configuration of order n be given. Let P = {P 1 , P 2 , . . . , P n } be the parallel classes of the configuration, let K = {σ 1 , σ 2 , . . . , σ n } be the permutations induced by P 1 , P 2 , . . . , P n , and denote G = σ 1 , σ 2 , . . . , σ n . Let V = {v 1 , v 2 , . . . , v n } be the set of vertices of K n . Then the following hold.
(1) For every 1 ≤ i, j ≤ n and g ∈ G, g(P i ) = P j iff σ PROOF. Assume that g(P i ) = P j , (g ∈ G). Then g(v i ) = v j , and consequently, since
} is an edge of P j whenever 1 ≤ r ≤ n and r = j. Thus, σ g i is the permutation which is induced by P j , i.e., σ
} is an edge of P j for every 1 ≤ r ≤ n, r = j. Hence {g −1 (v r ), σ i (g −1 (v r )} is an edge of both g −1 (P j ) and P i . Then we conclude that g(P i ) = P j , and assertion (1) of the lemma follows. Assertion (2) of the lemma is an immediate consequence of (1) .
If
} is a edge of both P i and P j and then it follows that i = j. Similarly, σ i σ j fixes v i or v j iff i = j, and (3) follows. Assume now that σ i commutes with
, and we conclude that σ j (i) = i. Since σ j fixes only the letter j, we conclude that i = j, and (4) follows.
Assertion (5) PROOF. Since G = 2|N |, where |N | is odd, we have that for any 1 ≤ i, j ≤ n, i = j, D = σ i , σ j is a dihedral group of order 2m for some odd integer m ≥ 3 (for elementary properties of dihedral groups, see [10] p. 301, Theorems 9.1.1 and 9.1.2). Then all the involutions (elements of order 2) of D form a conjugacy class K D of D, and for every x, y ∈ K D there is a unique z ∈ K D such that x z = y. We shall now show that for every σ i , σ j ∈ K there is a unique x ∈ K such that σ x i = σ j . Denote D = σ i , σ j . Then there is a unique x ∈ D ∩ K such that σ x i = σ j . Assume now that there is y ∈ K such that σ However, since D 1 is a dihedral group of order 2l for some odd l ≥ 3, there is a unique involution in D 1 which conjugates σ i to σ j , and then x = y, i.e., there is a unique x ∈ K such that σ x i = σ j , as required.
Assume now that there are x, y ∈ K such that x y = x y −1 commutes with some σ r ∈ K . Then σ x r = σ y r , and we conclude by the preceding paragraph that x = y. Hence for any x, y ∈ K , x = y, x y = x y −1 does not commute with any element of K . Furthermore, since o(τ ) = 2, |N : C N (τ )| = n and (o(τ ), |N |) = 1, we have that τ is an (n, 2)-automorphism of N , and (1) of the lemma follows.
Assertion (2) of the lemma follows from (1), by arguments similar to those used in the proof of Theorem 1. We omit the details. P Observe that if t = 2, condition 4 in Definition 4.1 may be omitted, and then, the following definition results. 2), we shall say that the 2-configuration of order n is induced by the (n, 2)-automorphism τ .
We may summarize our results on 2-configurations of order n in the following theorem.
THEOREM 7.
There exists a 2-configuration of order n iff n > 1 is odd. Furthermore, any (n, 2)-automorphism induces a 2-configuration of order n, and every 2-configuration of order n is induced by some (n, 2) automorphism.
PROOF. Clearly, if a 2-configuration of order n exists, then n is odd. Conversely, let n > 1 be an odd integer, and let N be an abelian group of order n. Let τ be the automorphism of N defined by τ (x) = x −1 for every x ∈ N . Then τ is an (n, 2)-automorphism of N , which induces a 2-configuration of order n by Lemma 5.2. Hence, a 2-configuration of order n exists iff n > 1 is odd. Furthermore, any (n, 2)-automorphism induces a 2-configuration by Lemma 5.2. Conversely, let a 2-configuration of order n be given. Let σ 1 , σ 2 , . . . , σ n be the permutations induced by the parallel classes of the configuration, and let G = σ 1 , σ 2 , . . . , σ n . Then by Lemma 5.1, K = {σ 1 , σ 2 , . . . , σ n } is a conjugacy class of G which is weakly closed with respect to G, and by Theorem 2, G = x N for x ∈ K , where N is a normal subgroup of G of odd order, greater than 2. Thus, x induces, by conjugation, an (n, 2)-automorphism τ of N , and the given configuration is induced by τ , as required. P
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